Physical systems made of many interacting quantum particles can often be described by Euler hydrodynamic equations in the limit of long wavelengths and low frequencies. Recently such a classical hydrodynamic framework, now dubbed Generalized Hydrodynamics (GHD), was found for quantum integrable models in one spatial dimension. Despite its great predictive power, GHD, like any Euler hydrodynamic equation, misses important quantum effects, such as quantum fluctuations leading to non-zero equal-time correlations, or interferences between the different components of the fluid. Focusing on the one-dimensional gas of bosons with delta repulsion, and on states of zero entropy, for which quantum fluctuations are larger, we reconstruct such quantum effects by quantizing GHD. The resulting theory of quantum GHD can be viewed as a multi-component Luttinger liquid theory, with a small set of effective parameters that are fixed by the Thermodynamic Bethe Ansatz. Crucially, it describes quantum fluctuations of truly nonequilibrium systems where conventional Luttinger liquid theory fails. The formalism is illustrated and confirmed in the Tonks-Girardeau limit by correctly predicting density-density correlations and the quantum entanglement entropy.
The behavior of fluids at very low temperatures is usually peculiar as the quantum nature of their constituents dominates over thermal fluctuations. To describe collective quantum effects, it is customary to start from classical hydrodynamic equations, and to quantize them. This path was taken by Landau in 1941 [1] in his development of the theory of superfluid helium [2, 3] . Since then, similar approaches have been developed for various other quantum liquids [4, 5] , including for instance Bose-Einstein condensates where quantum fluctuations are captured by the Bogoliubov theory [6] [7] [8] , quantum Hall liquids [9] [10] [11] , or one-dimensional (1d) quantum fluids described by Luttinger liquid theory [12] [13] [14] .
The purpose of this Letter is to revisit the quantum hydrodynamics of 1d integrable models. The Luttinger liquid theory -which is the quantized hydrodynamic theory of 1d fluids [15] with few conserved quantities such as charge, magnetization, energy, momentum-captures the quantum fluctuations of 1d gapless integrable models at equilibrium [13, 14] . However, the infinitely many conservation laws play a crucial role in the dynamics of the fluid [16, 17] . Therefore, when dealing with true outof-equilibrium situations, quantum fluctuations are described by a more general quantum hydrodynamic theory. In this Letter we identify that theory.
Although our approach applies to arbitrary gapless integrable models, we focus here on the 1d Bose gas with delta repulsion [18] [19] [20] , a theoretical model routinely used for describing contemporary cold atom experiments in 1d [21] [22] [23] [24] [25] . At the microscopic level, it is defined by the Hamiltonian for N bosons H = N i=1 [− 2 2 ∂ 2 xi + V (x i )] + ḡ i<j δ(x i − x j ), where g = ḡ > 0 is the repulsion strength between the bosons and V (x) is an external trapping potential. We set the mass of the bosons to 1.
The hydrodynamic description of quantum integrable models was discovered in 2016 and dubbed Generalized Hydrodynamics (GHD) [30, 31] ; it was quickly followed by many extensions and applications , including a direct experimental check [24] . The original formulation is for the Euler scale, where space-time scales of observations and length scales of external potentials are simultaneously sent to infinity; at the Euler scale diffusion is absent (but subleading diffusive corrections to GHD are also known [44] [45] [46] ). The Euler scale is equivalently expressed as the classical limit [63] [64] [65] → 0, keeping N, V (x),ḡ fixed.
For the 1d Bose gas starting at zero temperature, its evolution under GHD takes a particularly simple form [35] .
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Indeed, an initial zero-temperature state has zero entropy and entropy is conserved by Euler equations such as GHD. [This is generally true for Euler hydrodynamic equations away from shocks, and it is known that GHD does not admit shocks [35, 66, 67] .] Thus the Bose fluid remains locally in a macrostate with zero entropy at all times. In the Bose gas with delta repulsion, the presence of higher conservation laws allows for a large space of macrostates with zero entropy: the split Fermi seas [26] [27] [28] [29] . They can be labeled by a set of Fermi rapidities {θ a } 1≤a≤2q such that the Fermi factor n(θ) -the number of Bethe quasiparticles with rapidity in [θ, θ + dθ] divided by the number of available states in that interval (see e.g. Chap. 1 in Ref. [20] for an introduction to that formalism)-is
The local macrostate is then assumed to be a function of position x and of time t. The global state of the system at time t is best represented by the Fermi contour Γ t (see Fig. 1 ), which is defined such that the Fermi factor n(x, θ) is 1 for all points (x, θ) inside the contour, and 0 outside. For simplicity we restrict to situations where Γ t is a simple closed curve, parametrized by a function s → (x t (s), θ t (s)),
According to GHD, the time evolution of the contour Γ t is given by the classical equation [35] d dt
which expresses the fact that quasiparticles inside the contour move at an effective velocity v eff (x, θ) and are accelerated at an effective acceleration a eff (x, θ), both of which depend in general on the local Hamiltonian and macrostate, hence on the Fermi points at x. Eq. (4a) is complemented by a closed formula for the effective velocity [30, 31, 68, 69] and acceleration [70] v
where E(x, θ) is the bare energy of a quasiparticle with respect to the local Hamiltonian, 1(θ) = 1, and the dressing of a function f (θ) in the local macrostate is defined by the integral equation
Here φ(θ − θ ) = 2 arctan ((θ − θ )/ḡ) is the two-body scattering phase for the delta Bose gas [18] [19] [20] . In the present case, E(x, θ) = θ 2 /2 + V (x), and the effective acceleration simplifies to give Newton's second law [70] a eff = −∂ x V (x).
Notice that is completely absent from the Eqs. (4a,b), which is consistent with our claim that zeroentropy GHD corresponds to the classical limit (1) in the microscopic model.
Goal of this Letter. Because it is a classical hydrodynamic description, GHD misses certain quantum effects, such as interference effects and quantum entanglement or correlations between the different parts of the fluid at a given time. Such effects appear as subleading orders in an expansion at small in the limit (1) . In this Letter we initiate the development of a theory of quantum fluctuations around GHD. Analogously to Bogoliubov theory [6] [7] [8] , our strategy is to start from linear sound waves propagating on top of a background configuration (x t (s), θ t (s)) which solves the GHD equation (Fig. 1) , and then find a way to quantize those. We find that the resulting theory takes the form of a time-dependent, spatially inhomogeneous, multi-component Luttinger liquid, which generalizes the effective theory of (homogeneous, time-independent) split Fermi seas developed recently by Eliëns and Caux [27] , see also Refs. [26, 28, 29] . It also generalizes the theory of inhomogeneous Luttinger liquids (see e.g. Refs. [15, 63-65, 71, 72] ) to truly out-ofequilibrium situations.
To illustrate the physical effects that can be attacked with this quantum fluctuating GHD (QGHD) -as opposed to GHD-we consider a quench of the confining potential V (x), from double-well to harmonic, a situation similar to the famous quantum Newton's cradle [16] . This protocol can be realized experimentally [24] and produces local macrostates that are split Fermi seas. We find that the predictions of QGHD are in perfect agreement with the numerics (see Fig. 2 ). More results obtainable from QGHD, as well as more extensive numerical checks, will be presented in an extended version of this work [73] . Sound waves in zero-entropy GHD. Linearly propagating waves are consequences of the conservation laws of hydrodynamics. By fluctuation-dissipation, they are subject to correlations due to microscopic fluctuations. Thus, our first task is to find conserved fluid modes and their linear-response evolution. Let us parametrise locally the contour Γ t by the Fermi points θ a (x, t) (1 ≤ a ≤ 2q). Fluctuations can be expressed as deformations of the contour θ a (x, t) → θ a (x, t) + δθ a (x, t). Plugging this into Eqs. (4a,b), one would arrive at an evolution equation for δθ a (x, t), describing the propagation of sound waves on top of the background solution (x t (s), θ t (s)). These, however, do not take the form of conservation equations.
Instead, we consider the momentum and energy of an excitation [20] ,
, respectively. The dispersion relation of such an excitation is the effective velocity, ∂ θ /∂ θ p = v eff . By the general theory of GHD [30, 31] , we observe that the second terms in these expressions form a conserved current, associated to the special "scattering charge" that counts the total phase of the quasiparticle with rapidity θ. Thus, a conservation equation, with force term, holds,
Excitations in a zero-entropy state occur at the Fermi points. Combining the dispersion relation, (6) and (4), one finds an exact conservation law for their momentum p a = p(θ a ) and energy a = (θ a ) (see Supplemental Material (SM) for detailed derivation [74] ):
Then the small fluctuations obey, at first order,
where A b a = ∂ a /∂p b is the flux Jacobian. This is the propagation equation we were looking for: it is an equation for linear sound waves which takes the form of a conservation equation.
Quantization of sound waves. The conserved modes δp a can now be given quantum fluctuations, δp a → δp a . In quantized fluid theory one assumes that there is a classical hydrodynamic action S = S({p a }), whose minimum gives rise to the fluid equation, and which provides the quantum fluctuations and long-range correlations simply by quadratic expansion:
Passing to the Hamiltonian formalism, there must be a symplectic structure and a Hamiltonian, quadratic in hydrodynamic wave operators δk a = δp a / , which reproduces (8) .
To identify those, consider the measure dp = 1 dr dθ, which takes into account the density of allowed states 1 dr [20] , and the phase-space volume form it induces, dx ∧ dp = 1 dr dx ∧ dθ. This volume form is preserved by GHD [75] . Therefore, the fluctuations at zero entropy are fluctuations of an incompressible region in the (x, p) plane. A first consequence is that small volume variations dp a = σ a dp a , where σ a = (−1) a is the chirality of the volume boundary, are thermodynamic potentials, leading to an Onsager reciprocity relation (see SM [74] )
That is, the diagonal matrix σ = diag({σ a } 1≤a≤2q ) gives a symplectic structure under which the flux Jacobian is symmetric. Second, the problem of quantizing fluctuations of incompressible regions is well known in the literature on the quantum Hall effect [76] [77] [78] [79] . Parameterizing the boundary of that region as (x(s), p(s)) and introducing a density operator which measures the excess number of occupied states around (x(s), p(s)), δρ(s) = 
Using this symplectic structure, the Hamiltonian generating (8) can be taken aŝ
Indeed, together with the commutation relation (11b), the Heisenberg equation
reproduces the equation for sound waves (8) .
The dependence ofĤ[Γ t ] on Γ t is via that of A ab on the Fermi points {θ c (x, t)}. The contour-dependent Hamiltonian (12) is the most important result of this Letter, and we refer to it as the QGHD Hamiltonian. Crucially, QGHD is a quadratic theory, so correlation functions can be calculated easily, at least numerically. [Higherderivative and higher-order terms should lead to a generalization of the non-linear Luttinger liquid [80] and are left for future investigations.] QGHD is the theory of a multi-component, spatially inhomogeneous, time-dependent, quantum fluctuating liquid with (locally) q coupled components. Importantly, in the particular case of homogeneous time-independent split Fermi seas, we have checked (see SM [74] ) that it coincides with the multi-component quadratic Hamiltonian of Eliëns and Caux [27, 29] (see also Refs. [26, 28] ). As noted by these authors, the case of a single-component q = 1 is nothing but the standard Luttinger liquid theory.
An example, and numerical check. To illustrate the possibilities offered by QGHD, we consider the dynamics of the 1d Bose gas after a quench of the trapping potential from double-well, V 0 (x) = a 4 x 4 − a 2 x 2 , to harmonic, V (x) = ω 2 x 2 /2. The gas is initially in its ground state in V 0 (x), with a single pair of Fermi points (i.e. q = 1) everywhere. At time t > 0, after some fraction of the period of the trap τ = 2π ω , the contour Γ t gets deformed and a region appears near the center with a split Fermi sea q = 2. Hence this is a true out-of-equilibrium situation, not describable by standard hydrodynamics.
We focus on the equal-time density-density correlation function (Fig. 2) . At a point x, the fluctuations of the particle density are measured by the operator
which is a sum over the 2q Fermi points at (x, t). where v(s) = v eff (θ a ) dx ds if a labels the local Fermi point with parameter s. Importantly, G((s, t), (s , t )) is of order O(1) in the limit (1), so we see that QGHD captures the first correction to the classical result (which is zero):
In Fig. 2 we compare the QGHD prediction (15) with the exact numerical solution in the microscopic model. To obtain this numerical solution, we focus on the Tonks-Girardeau (TG) limitḡ → ∞, where standard free fermion techniques apply [81] and give access to numerical results for large numbers of particles and long times. Because we focus on the TG limit, some simplifications occur also on the analytical side. In particular, the equation for sound waves is simply d dt δρ(s, t) = 0, reflecting the underlying non-interacting fermion dynamics. Moreover the hamiltonian (12) is the one of a system with underlying conformal invariance in a fictitious curved space-time encoding the inhomogeneity [63, 65, 72] . These simplifications allow to obtain the Green's function along the contour in an analytically closed form. Indeed, chosing the s-parameterization of the initial contour Γ 0 such that (dx 0 (s), dp 0 (s)) ∝ (p 0 (x 0 (s))ds, dp0(x)
x dx0 ds ds) with p 0 (x) = 2(µ − V 0 (x)), the Green's function turns out to be simply [65, 72] G((s, t), (s , t)) = − ln (2 sin((s − s )/2)), independently of t. Plugging this into Eq. (15), one gets the result plotted in the third row of Fig. 2 . The exact microscopic solution has large Friedel oscillations (cyan curve), which we cancel by spatially averaging over a small window [x − ∆x/2, x + ∆x/2]. After averaging, the agreement with the prediction of QGHD is remarkable.
We also study the entanglement entropy, which vanishes in GHD [82, 83] , but is non-zero in QGHD. The entanglement entropy is particularly challenging to compute directly within the microscopic model and therefore its calculation manifests the predictive power of our approach. It is defined as S(x, t) = −trσ A log σ A , in terms of the reduced density matrix σ A . We focus on the subsystem A = [−∞, x]. In the SM [74] we show that S(x, t) can be obtained -via replica approach-from either a two-point or a four-point correlation function (depending on the number of Fermi points at (x, t)) of a special scaling operator of the chiral theory. The comparison with numerics is shown in the last row of Fig. 2 : the agreement is impressive. Conclusion. By focusing on the GHD description of the integrable Bose gas in states of zero entropy, we showed that quantum effects which fall beyond the GHD description can be reconstructed by allowing quantum fluctuations of the Fermi contour. We have been partially inspired by linear fluctuating hydrodynamics [15, 84] , where fluctuations are accessed by phenomenologically adding thermal noise to the linear response evolution of conserved fluid modes. We follow the general principles of this theory, but instead of adding thermal noise, we use ideas from quantum fluids (see e.g. [15] ) in order to access quantum fluctuations. Benchmarking QGHD, we applied it to a zero entropy quench in the 1D Bose gas, providing exact predictions for the equal time density-density correlation and for the entanglement entropy which perfectly match the numerical data in the Tonks-Giradeau regime.
Other relevant examples are the ripples of the density profile and bosonic correlations functions. Our approach applies to interacting integrable models as well: we focused on the non-interacting limit for sake of clarity, but results for the interacting models will be presented in a more technical follow up [73] .
This new theory of QGHD opens up a plethora of fundamental applications, mainly, but not only, to those non-equilibrium situations with zero entropy states, where standard GHD provides vanishing (or trivial) predictions for most observables. Among these, we mention the domain wall quench in spin chains [38, 72] , some local and geometric quenches [85] [86] [87] , the true quantum Newton cradle protocol [16] , and many more. Some further generalizations of the theory, such as to include nonlinear effects (see [15] for the equilibrium counterpart), may provide insights on (sub-, super-)diffusion in onedimensional quantum transport.
Supplementary material for "Quantum Generalized Hydrodynamics"
I. DETAILS OF THE DERIVATION OF EQ. (7) IN THE MAIN TEXT
In this section we derive Eq. (7) in the main text. We start from the GHD equations (4a)-(4b) in the main text. Parametrizing the contour locally as θ a (x, t) and injecting this parametrization into Eq. (4a), one gets d dt x t (s) θ a (x t (s), t)
= v eff (x t (s), θ a (x t (s), t)) a eff (x t (s), θ a (x t (s), t)) .
The second line reads ∂ t θ a (x t (s), t) + (∂ t x t )∂ x θ a (x t (s), t) = a eff (x t (s), t). Then, plugging the first line ∂ t x t = v eff into it, one gets the zero-entropy GHD equation of Ref. [35] :
Finally, we use Eq. (6) Finally, using the identity ∂ θ p = (id ) dr (θ) = 1 dr (θ) -see Eqs. (23) and (24) in this Supplemental Material-, the last line cancels and one gets ∂ t p a + ∂ x a = 0, which is Eq. (7) in the main text.
II. ONSAGER RECIPROCITY RELATION AND CONSISTENCY WITH ELIËNS-CAUX FORMALISM
In this section we expose in full details the Thermodynamic Bethe Ansatz (TBA) calculations that are useful to arrive at the Onsager reciprocity relation (Eq. (10) in the main text) and at the consistency of our results with the ones previously obtained by Eliëns and Caux [27, 29] .
E. The Eliëns-Caux matrix and the flux Jacobian A In the main text, a central role is played by the flux Jacobian, defined as
This flux Jacobian can also be expressed in terms of the Eliëns-Caux matrix, using formula (33) :
In the last line we have used the definition of the effective velocity, v eff (θ c ) = (E ) dr (θc) 1 dr (θc) , see formula (4b) in the main text.
In other words, the flux Jacobian is diagonalized by the Eliëns-Caux matrix. The identity (35) is the key to derive both the Onsager reciprocity relation and to check the consistency of our Hamiltonian with the one of Eliëns and Caux.
F. Onsager reciprocity relation
Defining A ab = σ b A b a as in the main text, we must show that A ab = A ba . Equivalently, using formula (35) , we must show that
In that form, the reciprocity relation is a straightforward consequence of the symplecticity of M (formula (34)), and of the fact that σ and v eff are diagonal matrices.
G. Consistency of the QGHD Hamiltonian with the one of Eliëns and Caux
In their study of homogeneous, time-independent split Fermi seas, Eliëns and Caux write the following multicomponent Luttinger liquid Hamiltonian (see Eqs. (6.17) and (6.18) in Ref. [29] ):
where theφ a (x, t) are 2q independent chiral bosonic modes, which are related to our operators δp a (see the main text for definition) as
Thus, their Hamiltonian may be written as
Using again the symplecticity of M and formula (35) , we see that this is identical to our QGHD Hamiltonian, see Eq. (12) in the main text. We emphasize that, although our QGHD Hamiltonian is identical to the one of Eliëns and Caux for homogeneous, time-independent split Fermi seas, our QGHD formalism is a non-trivial extension of their results. This is because, when the parameters in the Hamiltonian become position-and time-dependent, there are in principle many different terms involving derivatives of the classical GHD solution {θ a (x, t)} which could enter, which would result in a Hamiltonian different from ours, yet which would still coincide with the one of Eliëns and Caux in the case where the derivatives vanish. For a more thorough discussion in the spatially inhomogeneous static case, see Ref. [64] .
III. ENTANGLEMENT EVOLUTION IN QGHD
In this section, we report the main steps for the calculations of the entanglement entropy, S(x, t), after a quench from a double to a single well potential in a Tonks-Girardeau gas. We recall that, in this setup, the system also becomes conformal invariant in a curved spacetime: the (quadratic) theory of QGHD, Eq. (12) of the main text, can be complemented with this symmetry to get explicit results.
By definition S(x, t) = −tr (σ A log σ A ), where σ A is the reduced density matrix of the subsystem A = [−∞, x]. In field theory, S is usually obtained from the corresponding Rényi entropies S α = 1 1−α log tr (σ α A ) (labelled by α ∈ R) via replica limit (α → 1). S α can be expressed as the sum of two parts S α (x, t) =Ŝ α (x, t) − (x, t).
HereŜ α (x, t) may be predicted by QGHD complemented with conformal invariance, whereas (x, t) is an ultraviolet cutoff. Indeed, already in uniform systems, S α diverge in the ultraviolet and a regulator must be introduced. In the inhomogeneous situation, such cutoff also acquires a dependence on space and time. Let us start with the QGHD contribution. When α ∈ N,Ŝ α can be expressed as the correlation function of special fields known as twist fields [88] [89] [90] , T andT , local operators lying at the boundary of the subsystem. Explicitly, in our case we can writeŜ
In our chiral theory twist fields are products of chiral excitations. We refer to them as chiral twist fields τ andτ . Crucially, in CFT, they behave as primary fields, with scaling dimension ∆ = 1 24 α − 1 α [88] . In particular, two regimes are expected: if, at time t, there are only two Fermi points at position x, then T (x, t) is a two-point function in the chiral CFT that lives along the Fermi contour; if there are four Fermi points T (x, t) is a four-point function.
Specifically, at initial time, the Fermi contour Γ 0 has a butterfly-shape in the (x, k) phase space (see Fig. 2 , first row, in the main text). Then, according to GHD, if (x 0 , k 0 ) is a given point of Γ 0 , the corresponding point (x t , k t ) of the evolved contour Γ t at a given time t is x t k t /ω = cos(ωt) sin(ωt) − sin(ωt) cos(ωt)
meaning that Γ t simply rotates at frequency ω. A natural choice of the coordinate s parametrizing the Fermi contour is [65, 72] s = π x0 −R/2 dx/k 0 (x)
where k 0 (x) = 2(µ − V 0 (x)) (here µ is the chemical potential and V 0 the pre-quench potential, see main text) and [−R/2, R/2] is the interval where V 0 < µ. This provides a coordinate s ∈ [0, π] for the upper part of the Fermi contour at t = 0, which can be continued to s ∈ [π, 2π] to parameterize also the lower part. Let x and t be such that there are two Fermi point. Then, they can be traced back to their initial positions at t = 0 via Eq. (43) so that, at initial time, they are parametrized by s, Eq. (44) . Denoting these two initial coordinates along the Fermi contour by s 1 , s 2 , Eq. (42) becomeŝ
and τ (s 1 )τ (s 2 ) = 1 2 sin s1−s2 2 2∆ .
When at position x and time t we have four Fermi points, they can be traced back to positions s 1 , s 2 , s 3 , s 4 along the contour at time t = 0. Then Eq. (42) becomeŝ
